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We compute the effect of the chiral phase transition of QCD on the axion mass and self-coupling;
the coupling of the axion to the quarks at finite temperature is described within the Nambu−Jona-
Lasinio model. We find that the axion mass decreases with temperature, following the response of
the topological susceptibility, in agreement with previous results obtained within chiral perturbation
theory at low and intermediate temperatures. As expected, the comparison with lattice data shows
that chiral perturbation theory fails to reproduce the topological susceptibility around the chiral
critical temperature, while the Nambu−Jona-Lasinio model offers a better qualitative agreement
with these data, hence a more reliable estimate of the temperature dependence of the axion mass
in the presence of a hot quark medium. We complete our study by computing the temperature
dependence of the self-coupling of the axion, finding that this coupling decreases at and above the
phase transition. The model used in our work as well as the results presented here pave the way
to the computation of the in-medium effects of hot and/or dense quark-gluon plasma on the axion
properties.
I. INTRODUCTION
The current theory used to describe the strong interac-
tions is QCD, which possesses the U(1)A anomaly as well
as the spontaneous breaking of chiral symmetry as some
of its main features. Because of the nontrivial topological
structure of the QCD vacuum induced by the instanton
effects, a total derivative term is expected in the QCD
Lagrangian,
Lθ ∝ θF · F˜ , (1)
where F and F˜ denote the gluonic field strength tensor
and its dual, respectively, and the real parameter θ is
known as the θ angle. If θ 6= 0, then QCD is not CP
symmetric; it is, however, well known that the value of
θ is very small, θ . 10−11; see, for example, constraints
from electric dipole moments [1–5] as well as lattice QCD
calculations [6, 7]. The very small value of θ implies that
strong interactions conserve CP remarkably well. To un-
derstand why QCD is CP conserving despite the possi-
bility of a CP -breaking term in its Lagrangian, a new
global, chiral U(1)PQ symmetry was added to the QCD
Lagrangian, and then an additional CP -violating term
originating from the U(1)PQ anomaly would exactly elim-
inate the θ term above. This mechanism was proposed
by Peccei and Quinn [8, 9] and is often referred to as the
Peccei-Quinn (PQ) mechanism. Soon after this proposal,
it was pointed out [10, 11] that a pseudo-Goldstone bo-
son, namely, the QCD axion (which we will call simply
the axion in the following), would arise from the sponta-
neous symmetry breaking of the U(1)PQ symmetry; see
also Refs. [12–15].
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Axions are weakly interacting and very light particles
and thus are good cold dark matter candidates [10, 16–
18]. Moreover, it has been suggested that they can form
stars [19–33] as well as a Bose-Einstein condensate [34]
with a very high condensation temperature [35]. It is
therefore clear that it is important to know how the axion
properties, in particular, the mass and the self-coupling,
evolve with temperature. This is the main scope of the
present study, in which we compute how these two quan-
tities are affected by temperature, focusing, in particu-
lar, for temperatures around the critical temperature of
QCD.
The study of the response of the axion to a QCD ther-
mal medium in proximity of the critical temperature,
T ≈ 150 MeV, calls for the use of effective field theories
and phenomenological models, due to the impossibility of
using perturbative QCD in this moderate energy regime.
One of these effective theories is the chiral perturbation
theory (χPT), which is a systematic expansion in pow-
ers of the momenta of light mesons (namely, the pions
for the case of two-flavor QCD) and of the current quark
masses; χPT provides a good tool to study the θ vacuum
of QCD; see, for example, Refs. [36–41] as well as the
QCD axion physics at low temperature [12]. In particu-
lar, χPT predicts a value for the topological susceptibil-
ity at zero temperature [12] that agrees with the lattice
QCD results [42–44]. At finite temperatures, however,
and, in particular, in the proximity of the QCD crossover,
the χPT results may become unreliable; from the physi-
cal point of view, this can be understood because χPT is
formulated in terms of pions and contains no information
about the chiral crossover at high temperature, around
and above which a formulation in terms of quarks might
be more appropriate.
Because of the limitations of χPT, in this work, we
adopt the Nambu−Jona-Lasinio (NJL) model to inves-
tigate the response of the axion to a finite tempera-
2ture. With the instanton effects taken into account, the
NJL model provides a theoretical framework to simulta-
neously incorporate the spontaneous and explicit chiral
symmetry breaking as well as the U(1)A anomaly. In fact,
the interaction of the axion with quarks can be obtained
by first adding the interaction term
La = θF · F˜ +
a
fa
F · F˜ , (2)
to the NJL Lagrangian, in which, according to the PQ
mechanism, 〈a/fa + θ〉 = 0; then introducing the quan-
tum fluctuation a = 〈a〉 + δa in the above equation, re-
naming δa → a where a from now on denotes the axion
field, and performing a chiral rotation that transfers the
interaction of a with F ·F˜ to the interaction of the a with
the quarks. After this chiral rotation is performed we are
left with an effective theory of the axion interacting with
a thermal bath of quarks, the latter being capable of de-
scribing the important chiral crossover of QCD at finite
temperature, which instead lacks in χPT. In Eq. (2), fa
is the axion decay constant, 108 . fa . 10
12 GeV [45].
The plan of the article is as follows. In Sec. II we
present the NJL model augmented with the interaction
with the instanton. In Sec. III we briefy introduce the
axion at finite temperature within the formalism of χPT.
In Sec. IV we report our results on the axion mass and
self-coupling. Finally, we present our conclusions and an
outlook in Sec. V.
II. AXION WITHIN THE NJL MODEL
In this section we describe the model that we use in
our calculations, namely the NJL model with the ’t Hooft
term augmented by the interaction with the axion. We
use a two-flavor model in this article, while an exten-
sion to the three-flavor case will be the subject of a fu-
ture study. The NJL model Lagrangian incorporating
the U(1)A symmetry-breaking term is given by
L = q¯(iγµ∂µ −m)q + Lq¯q + Ldet, (3)
where q denote the quark fields, m is the current quark
mass, and the attractive part of the q¯q channel of the
Fierz transformed color current-current interaction is
given by
Lq¯q = G1[(q¯τaq)
2 + (q¯τaiγ5q)
2], (4)
where τ0 = I2×2 is the unit matrix and τi (i = 1, 2, 3)
denote the Pauli matrices. Finally, we have put
Ldet = 8G2
[
ei
a
fa det(qRqL) + e
−i a
fa det(qLqR)
]
, (5)
which can be obtained by a chiral rotation of the quark
fields in the path integral [46–48] starting from the La-
grangian in Eq.(2); in the above equation, the determi-
nant is understood in the flavor space. The determinant
term breaks the original global symmetry, U(2)L⊗U(2)R,
down to SU(2)L ⊗ SU(2)R ⊗ U(1)B . The coupling con-
stants G1 and G2 are often assumed to be equal in the
literature. This version of the NJL model [49–54], as
well as that enhanced by the Polyakov loop [55] have
been widely used to investigate the θ effects on the QCD
phase transition.
To obtain the thermodynamic potential in the one-loop
(often called the mean field) approximation, we neglect
the quantum fluctuation and replace the scalar and pseu-
doscalar fields with their corresponding condensates. The
final result is well known in the literature; therefore, we
merely quote the result here, that is,
Ω(α0, β0) = Ωq −G2(η
2 − σ2) cos
a
fa
+G1(η
2 + σ2)− 2G2ση sin
a
fa
, (6)
where σ = 〈q¯q〉 and η = 〈q¯iγ5q〉 are the chiral and SU(2)
isospin-singlet pseudoscalar condensates respectively. In
the above equation the quark contribution reads
Ωq = −8Nc
∫
d3p
(2pi)3
[
Ep
2
+ T log
(
1 + e−Ep/T
)]
, (7)
where Nc = 3 represents the number of color of quarks
and
Ep =
√
p2 +M2, M =
√
(m+ α0)2 + β20 (8)
is the single particle energy of quarks. We have also
introduced the condensates α0 and β0, which are defined
in terms of the standard QCD ones as
α0 = −2
(
G1 +G2 cos
a
fa
)
σ + 2G2η sin
a
fa
, (9)
β0 = −2
(
G1 −G2 cos
a
fa
)
η + 2G2σ sin
a
fa
. (10)
In the following we put G1 = (1− c)G0 and G2 = cG0.
The integral in Eq. (7) can be split into two parts: a
zero-temperature and a finite-temperature part, respec-
tively, corresponding to the first and second terms in the
right-hand side of Eq. (7). The zero-temperature contri-
bution measures the energy difference between the vac-
uum without condensation and the vacuum with con-
densation. This contribution is divergent in the ultra-
violet: in order to handle this divergence, we follow the
standard procedure and cut the integral at the scale Λ;
on the other hand, the thermal part is finite, and we
do not regularize it. Different regularization schemes of
the zero-temperature part might lead to slightly different
quantitative results, but the qualitative picture is usually
unchanged by changing this scheme; for this reason, we
use only this simple regularization here, leaving the study
of different regularization schemes to future studies.
For a given value of a, the thermodynamic potential is
a function of σ and η or equivalently on α0 and β0; at
each temperature, the physical values of the condensates
3σ¯ and η¯ correspond to the solutions of the gap equations,
namely,
∂Ω
∂σ
∣∣∣
σ=σ¯
= 0,
∂Ω
∂η
∣∣∣
η=η¯
= 0. (11)
At the physical point we can define the effective potential
for the axion as
V(a) = Ω(σ = σ¯, η = η¯|a). (12)
The axion mass is defined in terms of the second deriva-
tive of the effective potential at a = 0 [12, 44, 56–58], that
is,
m2a =
d2V(a)
da2
∣∣∣
a=0
=
χt
f2a
, (13)
where χt corresponds to the topological susceptibility;
similarly, the axion self-coupling is defined in terms of
the fourth derivative of the effective potential at a = 0,
namely,
λa =
d4V(a)
da4
∣∣∣
a=0
. (14)
The topological susceptibility plays an important role in
understanding the physics of QCD vacuum as well as of
the U(1)A anomaly, which has been studied previously
in the NJL model at finite temperature. It is worth re-
marking that the derivative in Eq. (14) is understood as
a total derivative that takes into account the fact that
the condensates may have a dependence on a, namely,
dV
da
=
∂V
∂a
+
∂V
∂σ
∂σ
∂a
+
∂V
∂η
∂η
∂a
. (15)
III. AXION WITHIN χPT
We briefly review here the axion at finite temperature
within χPT; the results shown here are well known so
we refer to original literature for a detailed discussion
(see, for example, Refs. [12, 59, 60]). In the SU(2) χPT
framework, the temperature dependence of the axion po-
tential up to the next-to-leading order (NLO) is given
by
V(a, T ) = V0(a)
[
1−
3
2
T 4
pi2f2piM
2
a
×
∫ ∞
0
x2 log
(
1− e−Ea
)
dx
]
, (16)
where fpi is the pion decay constant and V0 corresponds
to the NLO axion potential at zero temperature [12];
moreover, Ea =
√
x2 +M2a/T
2 with Ma being the
leading-order pion mass in a nonvanishing axion back-
ground, which in the mu = md limit reads [12, 36, 61]
M2a = m
2
pi cos
a
2fa
. (17)
The temperature-dependent axion mass can be obtained
easily by taking the second derivative of the potential in
Eq. (16), that is
m2a(T )
m2a
= 1−
3T 2
4pi2f2pi
∫ ∞
0
x2
ET
dx
eET − 1
, (18)
where ET =
√
x2 +m2pi/T
2 and we have put ma =
ma(T = 0). Similarly the self-coupling at finite tem-
perature is easily obtained,
λa(T )
λa
= 1−
3T 2
4pi2f2pi
∫ ∞
0
x2
ET
dx
eET − 1
+
9m2pi
8f2pi
∫ ∞
0
x2
pi2
eET (ET + 1)− 1
(eET − 1)2E3T
dx, (19)
where λa = λa(T = 0). The pion mass and the de-
cay constant are experimentally well known [62, 63];
therefore, the uncertainties on the axion mass and self-
coupling at zero temperature come from the quark mass
ratio and the renormalized NLO couplings [12]. From
Eqs. (18) and (19), we notice, however, that the ratio
m2a(T )/m
2
a and λa(T )/λa are independent of the quark
masses and the NLO couplings. This implies that the
ratios can be evaluated with better precision than the
axion mass and self-coupling at zero temperature within
χPT, at least when the temperature is much lower than
the QCD critical temperature.
IV. RESULTS
In this section we summarize the results for the ax-
ion mass and its self-coupling obtained within the NJL
model around and above the QCD critical temperature,
and we compare these with the same quantities computed
within χPT. The parameters of the NJL model are those
of Refs. [49, 50], that is, Λ = 590 MeV, G0 = 2.435/Λ
2,
c = 0.2 and m = 6 MeV: they are fixed by fitting the
physical pion mass mpi = 140.2 MeV, the pion decay
constant fpi = 92.6 MeV, and the chiral condensate at
zero temperature σ0 = 2(−241.5 MeV)
3. When we com-
pare the NJL results with the χPT ones, for the latter
we use the parameters of Ref. [12]. For completeness,
we will first present shortly some result about the axion
potential as well as the topological susceptibility at finite
temperature.
A. Effective potential and topological susceptibility
In Fig. 1 we plot the effective potential defined in
Eq. (12) as a function of a/fa, for several values of the
temperature, computed within the NJL model. At each
temperature, we have subtracted the value of the poten-
tial at a = 0. We notice that at zero temperature the
effective potential shows a valley-hill structure, with de-
generate vacua at a/fa = 0mod(2pi) and local maxima
at a/fa = pimod(2pi). This potential attains a minimum
4T=0
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T=180 MeV
T=220 MeV
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FIG. 1. Effective potential for several values of the temper-
ature. At each temperature, the potential is measured with
respect to the potential at a = 0.
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FIG. 2. The chiral condensate σ, scaled by the corresponding
zero-temperature value σ0 in the vacuum, as a function of the
temperature for a/fa = 0 and 2pi/3.
at a = 0 in agreement with the Vafa-Witten theorem.
On the other hand, as the temperature is increased up
to, and above, the critical temperature for chiral symme-
try restoration, the effective potential becomes flatter,
reflecting the suppression of the height of the potential
barrier at finite temperature. The effect of the tempera-
ture described here is in qualitative agreement with that
of the magnetic field [51].
In Fig. 2 we show the ratio of the chiral condensate
to the value in the vacuum for two typical values of a.
Clearly the chiral condensate depends both on temper-
ature and a now. In the considered temperature range
the chiral condensates all decrease monotonously with in-
creasing temperature, reflecting the effective restoration
of the chiral symmetry.
Next, we turn to the topological susceptibility. First,
we notice that from Eq. (13) the topological suscepti-
bility at zero temperature can be obtained within the
NJL model as χ
1/4
t = 79.87 MeV which is in fair
agreement with Ref. [64] as well as with χPT [12]
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FIG. 3. Fourth root of the topological susceptibility obtained
from several methods as a function of the temperature. The
shadow area represents the lattice data taken from Ref. [42].
χ
1/4
t = 77.8(4) MeV and lattice simulations [42] χ
1/4
t =
78.1(2) MeV in the isospin symmetric case. In Fig. 3, we
plot (the fourth root of) the topological susceptibility as
a function of temperature; we show the result obtained
within the NJL model (dashed blue line), χPT (solid red
line), and lattice simulations (shadow area).
We notice that both the NJL model and χPT are in
agreement with lattice data up to T . 140 MeV, namely
up to approximately the pseudocritical temperature of
QCD. Qualitatively, a difference between NJL and χPT
is observed at higher temperatures: the NJL contains the
information of the partial chiral symmetry restoration at
finite temperature; therefore, it is capable of reproduc-
ing at least qualitatively the behavior of the topologi-
cal susceptibility measured in lattice QCD. On the other
hand, χPT contains no information about chiral symme-
try restoration at large temperature, and this leads to a
big discrepancy of this effective theory with QCD when
the temperature is approximately equal to or larger than
the critical temperature.
B. Axion mass and its self-coupling constant
We now discuss the axion mass and its self-coupling
within the NJL model at finite temperature. It is worth
reminding the reader here that the mass is an interesting
quantity, for example, in cavity microwave experiments
that aim to detect axions by stimulating their conversion
to photons in a strong magnetic field [13, 65, 66]. From
Eq. (13), the axion mass at zero temperature within the
NJL model is
ma = 6.38×
103
fa
MeV2, (20)
in agreement with the result of χPT, ma = 6.06(5) ×
103/fa MeV
2 in the isospin symmetric case, as well as
with that of the invisible axion model, ma ≃ 6.0 ×
103/fa MeV
2 [67–70]. The axion self-coupling might
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FIG. 4. The thermal behavior of the temperature dependence
of the axion mass from the NJL model scaled by its zero-
temperature value. For comparison, we also show the results
from the χPT [12] and recent lattice data [42].
play some role in the formation of the so-called axion
stars [24, 71]. At zero temperature, this can be com-
puted within the NJL model, namely,
λa = −
(
55.64 MeV
fa
)4
, (21)
in agreement with the χPT prediction, λa =
−(55.79(92) MeV/fa)
4 [12] in the case of two degener-
ate quark flavors.
In Fig. 4, we show the axion mass obtained within the
NJL model (dashed blue line) and χPT (solid red line),
scaled by their corresponding zero-temperature values, as
a function of the temperature. We find a rapid drop of
ma around the QCD chiral crossover, 140 MeV . T .
200 MeV, within the NJL model, which is just a differ-
ent way to represent the rapid decrease of the topological
susceptibility in this temperature range. On the con-
trary, the prediction of χPT for the axion mass is that
this quantity is almost insensitive to the chiral crossover
and stays almost constant in the aforementioned tem-
perature range, a result in agreement with the behavior
of the topological susceptibility discussed in the previous
subsection.
In Fig. 5, we plot the axion self-coupling normalized to
its zero-temperature value, as a function of the tempera-
ture; the lines and colors conventions are the same used in
Fig. 4. Despite the fact that χPT does not contain infor-
mation about the chiral crossover, we notice that the NJL
model results agrees with χPT well up to T ≈ 200 MeV;
this suggests that the chiral crossover does not consider-
ably affect the axion self-coupling. Above this tempera-
ture, the self-coupling from the NJL model experiences a
quick drop, while that computed within χPT experiences
only a moderate decrease.
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FIG. 5. The thermal behavior of the axion self-coupling scaled
by its zero-temperature value.
V. CONCLUSIONS
In this article, we have studied the effect of the cou-
pling of the QCD axion to a QCD-like thermal medium,
studying, in particular, the effect of the temperature and
of the QCD crossover on its mass and its self-coupling.
The QCD medium at finite temperature has been de-
scribed by the NJL model with two flavors, which is ca-
pable of qualitatively reproducing the chiral crossover of
QCD; we have compared the results obtained within the
NJL model with those obtained previously by means of
χPT. The latter contains no information about the chi-
ral crossover and is thus expected to work well only for
temperatures considerably smaller than the critical tem-
perature of QCD; this motivates the need to use another
model, namely, the NJL model, to take into account the
(partial) restoration of chiral symmetry at finite temper-
ature and compute the effect of this on some phenomeno-
logical properties of the QCD axion.
We have found that below the critical temperature
both the axion mass and the self-coupling do not show a
substantial temperature dependence. On the other hand,
the axion mass is very sensitive to the chiral crossover,
showing a drop of its value within the crossover temper-
ature range, 140 MeV . T . 200 MeV, an aspect that
cannot be captured by χPT since this contains no infor-
mation about the critical temperature and is expected
to be valid only for temperatures much smaller than the
critical temperature. The axion self-coupling shows a
less pronounced temperature dependence within both the
NJL model and χPT. We have found some substantial de-
crease of the coupling only for temperatures of the order
of, or larger than, approximately 250 MeV. This means
that if a hypothetical axion star is as hot as a young neu-
tron star [72], T . 1010 ∽ 1011 K, then the temperature
dependence of the self-coupling can be ignored; however,
for a medium with a much higher temperature [33, 35],
this temperature dependence should be taken into ac-
count.
6We want to conclude this article by remarking that our
main objective has not been that of performing a com-
plete phenomenological analysis of the low-energy prop-
erties of the QCD axion; instead, we have pointed out
that it is possible to study the interaction of this elusive
particle with a QCD hot medium by using an effective
QCD model that is capable of capturing at least the qual-
itative aspects of the QCD phase diagram, in particular
the existence of a smooth crossover to a high-temperature
phase in which chiral symmetry is approximately re-
stored. This cannot be taken into account by using χPT
since the latter does not contain any information about
the QCD structure at high temperature; therefore, the re-
sults obtained within χPT are reliable only for tempera-
tures lower than the QCD critical temperature, while the
present work aims to extend the study of thermal prop-
erties of the QCD axion up to, and beyond, the QCD
critical temperature. For a possible outlook of the re-
search presented here, we mention that, keeping in mind
the well-known limitations of the NJL model, it is possi-
ble to extend this study to other contexts: for example,
it is interesting to compute in-medium properties of the
axion coupled to hot and dense quark matter as well as
to derive the temperature and density dependence of the
low-energy axion Lagrangian. We plan to report on these
topics in the future.
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